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At a normal-metal/superconductor interface, an incident electron from the normal-metal (N) side
can be normally reflected as an electron or Andreev reflected as a hole. We show that pronounced
lateral shifts along the interface between the incident and the reflected quasiparticles can happen in
both reflection processes, which are analogous to the Goos-Ha¨nchen effect in optics. Two concrete
model systems are considered. For the simplest model in which the N side is of the two-dimensional
electron gas, we find that while the shift in Andreev reflection stays positive, the shift in normal
reflection can be made either positive or negative, depending on the excitation energy. For the
second model with the N side taken by graphene, the shift in Andreev reflection can also be made
negative, and the shifts have rich behavior due to the additional sublattice pseudospin degree of
freedom. We show that the shift strongly modifies the dispersion for the confined waveguide modes
in an SNS structure. We also suggest a possible experimental setup for detecting the shift.
I. INTRODUCTION
The analogies between electronics and optics have in-
spired many breakthroughs in both fields. For example,
the famous Datta-Das spin field effect transistor is in-
spired by the electro-optic light modulator [1]; and the
concept of photonic crystal follows from the electronic
band structure for crystalline solids [2]. Nowadays, with
the rapid development of experimental techniques, the
electron mean free path can even reach micron scale, giv-
ing rise to the flourishing field of electron optics [3–5],
which may enable the exploration of more optical analo-
gies in electronic systems.
There exists an interesting optical phenomenon: A
light beam could acquire a longitudinal spatial shift
within the incident plane during a total reflection at an
optical interface, known as the Goos-Ha¨nchen (GH) ef-
fect [6]. The effect is a typical wave phenomenon and
has been used as a powerful probe for interface prop-
erties in optics, acoustics, and atomic physics [7]. It
should be mentioned that a transverse shift perpendic-
ular to the incident plane, known as the Imbert-Fedorov
(IF) effect [8, 9], may also occur when the light is circu-
larly polarized. In this work, we focus on the electronic
analogue of the GH effect, not the IF effect.
Several previous works have studied the GH-like shift
for electrons scattered at scalar or magnetic potential
barriers [10–17]. The shift is closely related to the pres-
ence of evanescent modes, and typically diverges when
approaching the total reflection angle. For massless Dirac
electrons in graphene, it was found that the GH-like shift
can be quite large due to the relatively small Fermi wave-
length, and it has a strong dependence on the sublattice
pseudospin degree of freedom [14].
For all previously mentioned cases, the reflected quasi-
particle retains the same identity as the incident one, i.e.,
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an incident electron is reflected as an outgoing electron.
Notably, there exists a special and intriguing type of fun-
damental reflection process—Andreev reflection [18], in
which the quasiparticle identity is changed. The process
happens at a normal-metal/superconductor (NS) inter-
face. Besides the normal electron-to-electron reflection,
an incident electron from the normal-metal (N) side can
also be Andreev-reflected as a hole at the NS interface.
Andreev reflection conserves energy and momentum but
not charge—the two missing electrons are transferred
into the superconductor as a Cooper pair. It is then
natural and highly interesting to ask the following ques-
tions. (i) Is there a sizable GH-like shift also for Andreev
reflections? (ii) Is there any special feature in GH-like
shift for normal reflections at an NS interface?
In this paper, we try to address the above two ques-
tions. This work is also motivated by our recent dis-
covery of sizable IF-like transverse shift in Andreev re-
flection [19, 20]. There, the presence of GH-like shift was
noticed but not investigated in detail [19]. We also notice
a previous theoretical work which provided a negative an-
swer for question (i) [21]. Here, we show that Ref. [21]’s
conclusion on the absence of GH-like shift applies for a
particular limit but not the general case. By studying
two concrete model systems, we show that pronounced
GH-like shifts can happen in both Andreev and normal
reflection processes at an NS interface. In the first model,
the N side is of the two-dimensional electron gas (2DEG).
We find that while the shift in Andreev reflection stays
positive, the shift in normal reflection can be made ei-
ther positive or negative by tuning the excitation energy.
The second model is for a graphene NS junction, where
we find that the shift in Andreev reflection can also be
made negative, and the shifts have rich behavior due to
the additional sublattice pseudospin degree of freedom.
We show that the shift modifies the dispersion for the
confined waveguide modes in an SNS structure. A possi-
ble experimental setup for detecting the anomalous shift
is suggested.
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FIG. 1. Schematic figure showing the GH-like shifts in normal
reflection (δye) and in Andreev reflection (δyh) for an incident
electron beam reflected from an NS interface. The solid and
open circles indicate the electron and the hole quasiparticles,
respectively.
II. GENERAL FORMULATION
Consider a clean and flat NS interface located at x = 0,
as illustrated in Fig. 1. Since the GH-like shift is within
the incident plane (here the x-y plane), we may just con-
sider a two-dimensional setup for the investigation. This
is unlike the study of IF-like shift, which necessarily re-
quires a three-dimensional setup [22]. In our model, the
x < 0 region is for the normal metal, whereas x > 0 is
for the superconductor. We assume that the system is
uniform along the y direction. The scattering at the NS
interface for the quasiparticle is described by the micro-
scopic Bogoliubov-de Gennes (BdG) equation [23, 24]:
[
H0 + U(r)− EF ∆(r)
∆∗(r) EF − T −1H0T − U(r)
]
ψ = εψ.
(1)
Here, we assume that the S side is of the conventional s-
wave pairing and the real-spin labels are suppressed, H0
is the Hamiltonian in the normal (non-superconducting)
state, U(r) = −U0Θ(x) denotes a potential energy offset
(which may be tuned by doping or electric gating) be-
tween the two regions with Θ(x) the Heaviside step func-
tion, ∆(r) = ∆0Θ(x) represents the pair potential on the
S side, ε is the quasiparticle excitation energy measured
from the Fermi level, and T is the time reversal operator.
Here, for a single NS interface, the superconducting phase
is inessential and can always be gauged away. The wave-
function ψ = (u, v)T is a mutli-component spinor with
u (v) standing for electron (hole) state. The mean-field
requirement of superconductivity is that EF + U0  ∆0
on the S side, i.e., the Fermi wavelength in the S re-
gion should be much smaller than the coherence length.
Meanwhile, the Fermi wavelength on the N side is not
constrained to be small, e.g., EF can be comparable to
∆0 provided U0 is large.
An incoming electron from the N side is scattered at
the interface. The scattering properties are captured by
the scattering amplitudes, which can be obtained by solv-
ing the scattering states of the BdG equation [24]. The
typical scattering state takes the following form:
ψ(r) =
{
ψe+ + reψ
e− + rhψh−, x < 0,
t+ψ
S
+ + t−ψ
S
−, x > 0,
(2)
where ψe+ is the incident electron state, ψe(h)− is the
reflected electron (hole) state on the N side, ψS± are the
transmitted quasiparticle states on the S side, re(h) is the
reflection amplitude for the normal (Andreev) reflection,
and t± are the amplitudes for transmission. Note that
the energy (ε) and the momentum along the interface
(ky) are conserved in the scattering process.
The anomalous positional shift in scattering is defined
for a quasiparticle beam. Following the standard quan-
tum scattering approach [14, 19, 25], this is modeled by
a quasiparticle wave-packet, which can be written as
Ψe+(rc,kc) =
∫
dkw(k − kc)ψe+(k) (3)
for the incident electron. Here the profile w ensures the
wave-packet is peaked at the centroid (rc, kc) in phase
space. In calculations, one usually chooses w to have a
Gaussian form: w(k−kc) = ∏i wi(ki−kci ), where wi(ki−
kci ) = (
√
2piWi)
−1exp[−(ki − kci )2/(2W 2i )], with a width
Wi for the i-th component. However, it should be noted
that the obtained shift does not depend on the specific
form of the profile. Each partial wave ψe+ is scattered
at the interface according to the scattering amplitudes.
The reflected electron (hole) wave-packet is then given
by Ψe(h)−(r) =
∫
dkw(k − kc)re(h)ψe(h)−(k).
The GH-like shift can be obtained by compar-
ing the center positions for the incident and the re-
flected beams at the interface. For example, for the
2DEG/superconductor model to be discussed in Sec. III,
by expanding the phase of the amplitude re(h) to the
first order around kcy, the k-integral of the wave-packet
gives that Ψe(h)− ∝ e−W 2y [ry+ ∂∂ky arg(re(h))|kcy ]2/2. Com-
pared with the incident electron Ψe+ ∝ e−W 2y r2y/2, one
finds that the reflected electron (hole) has a relative spa-
tial shift along the y direction of
δye(h) = − ∂
∂ky
arg(re(h))
∣∣∣
kcy
. (4)
The shift for graphene/superconductor model in Sec. IV
can be obtained in a similar way, except that the shift
needs to be averaged over the components of the elec-
tron (hole) spinor states [14], due to the additional pseu-
dospin degree of freedom. A straightforward calculation
shows that the final expression of the GH-like shift for
the graphene/superconductor model also takes form in
Eq. (4).
There are two remarks before proceeding. First, in this
quantum scattering approach, it is clear that the shift
arises from the interference between scattered partial
waves that undergo different k-dependent phase shifts
[see Eq. (4)]. Second, for certain simple cases, the shift
may also be derived from the semiclassical equations of
3motion for the wave-packet [22]. However, in that semi-
classical approach, the variation of the scattering poten-
tial is required to be slow compared with the Fermi wave-
length. In comparison, the quantum scattering approach
here does not have such constraint. It applies to the
cases with small Fermi wavelengths and sharp interfaces
as well [19, 25].
III. MODEL I: 2DEG/SUPERCONDUCTOR
JUNCTION
The first model that we consider is of a 2DEG inter-
faced with a superconductor. Here, the Hamiltonian H0
is given by (set ~ = 1)
H0 =
1
2m
k2, (5)
with m the effective mass of the electron. The BdG spec-
trum for the N side is schematically shown in Fig. 2(a).
One observes that for low excitation energies with ε <
EF , there are two equi-energy contours belonging to the
electron and the hole bands respectively [see Fig. 2(b)],
and hence an incident electron can be normal-reflected as
an electron or Andreev-reflected as a hole, as illustrated
in Fig. 2(a). However, from Fig. 2(b), due to the conser-
vation of ky, for incident angle θ greater than a critical
value given by
θc = arcsin
√
−/+, (6)
the Andreev reflection is no longer allowed, where ± =
EF ± ε. When EF  ε, θc approaches pi/2, and Andreev
reflection is allowed for all incident angles. For smaller
EF (but still EF > ε), Andreev reflection is allowed only
for |θ| < θc. Finally, for the case with ε > EF , the equi-
energy contour in the hole band disappears (for which we
may set θc = 0), and only normal reflection is allowed.
The electron and hole basis states in the N region are
given by
ψe± =
√
m
ke
(
1
0
)
e±ikex+ikyy, (7)
ψh− =
√
m
kh
(
0
1
)
eikhx+ikyy, (8)
where ke = (2m+−k2y)1/2 is the x-component of the elec-
tron wave-vector (here we drop the subscript x for simple
notations), kh = (2m− − k2y)1/2 for |θ| < θc, whereas
kh = −i(k2y − 2m−)1/2 for |θ| > θc. The normalization
factors here are chosen to ensure that the propagating
states in the N region carry the same particle current.
Meanwhile, the basis states in the S region read
ψS± =
(
e±iβ
1
)
e±ikSx−κx+ikyy, (9)
where kS = [2m(EF + U0) − k2y]1/2, κ = m∆0 sinβ/kS ,
and β = arccos(ε/∆0) for ε < ∆0, whereas β =
ε
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FIG. 2. (a,b) Schematic figure showing (a) the BdG disper-
sion and (b) the equi-energy contours in the N region for the
2DEG/superconductor model. The solid (open) sphere de-
notes the electron (hole) state and the arrows indicate the
propagation directions. The green solid (red dashed) curve
indicates the electron (hole) band. (c,d) Probabilities for nor-
mal reflection (bule curve) and Andreev reflection (red curve)
as functions of (c) the incident angle θ and (d) the excitation
energy ε. In (c) and (d), we set U0 = 500 meV, EF = 20
meV, ∆0 = 5 meV, m = 0.05 me. We take the excitation
energy ε = 4.95 meV in (c), and the incident angle θ = pi/10
in (d).
−i cosh−1(ε/∆0) for ε > ∆0. We have used the assumed
condition that (EF + U0) ∆0, ε.
With the boundary conditions at the interface (x = 0)
ψ
∣∣
x=0+
= ψ
∣∣
x=0− , (10)
∂xψ
∣∣
x=0+
= ∂xψ
∣∣
x=0− , (11)
one can solve for the scattering amplitudes. Particularly,
we find that the two reflection amplitudes take the fol-
lowing form:
re = X
−1
[
kS(ke − kh) cosβ + κ(ke + kh) sinβ
+i(kekh − k2S − κ2) sinβ
]
(12)
and
rh = 2X
−1kS
√
kekh (13)
where X = kS(ke+kh) cosβ+κ(ke−kh) sinβ+ i(kekh+
k2S+κ
2) sinβ. One checks that when ε < ∆0 and |θ| < θc,
we have |re|2 + |rh|2 = 1 as required by the conservation
of quasiparticle current, because there is no quasiparticle
transmission into the S side.
The GH-like shifts can then be directly calculated us-
ing Eq. (4), but the results are quite complicated. To
gain better understanding, let’s consider two different
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FIG. 3. GH-like shifts (a,c) in the normal reflection (δye),
and (b,d) in the Andreev reflection (δyh) versus the incident
angle θ for the 2DEG/superconductor model. (a,b) are with
ε = 3 meV, and (c,d) are with ε = 4.98 meV. The shadowed
region in each figure denotes the range with |θ| > θc, where
Andreev reflection is not allowed. Here, we take EF = 20
meV, U0 = 500 meV, ∆0 = 5 meV, and m = 0.05 me.
regimes. First, when the N side is heavily doped such
that EF  U0,∆0, ε, the reflection amplitudes reduce to
re = 0, rh = e
−iβ . (14)
In this regime, the Andreev reflection dominates the scat-
tering. Importantly, the phase shift arg(re/h) is a k-
independent value, so that the GH-like shifts for both
normal and Andreev reflections vanish: δye/h = 0. This
recovers the result obtained in Ref. [21] which assumed
this regime.
However, outside of the above regime, when EF is
not large, the shifts would generally be nonzero. Let’s
consider the more interesting regime when the N side
is lightly doped (compared with the S side) such that
U0  EF , ε,∆0. Then the reflection amplitudes are re-
duced to
re = X
′−1 [(ke − kh) cosβ − ikS sinβ] , (15)
rh = 2X
′−1√kekh, (16)
with X ′ = (ke+kh) cosβ+ ikS sinβ. In Fig. 2(c), (d), we
plot the reflection probabilities for the two processes as
functions of the incident angle and the excitation energy.
One observes that due to the Fermi surface mismatch
between the two sides, the Andreev reflection probability
is decreased, and there is a competition between the two
processes. From Fig. 2(d), one also observes that the
probability for Andreev reflection is typically large when
ε . ∆0 [24].
In the second regime, we are most interested in the case
when ε < ∆0, because the reflections are dominating the
interface scattering. Substituting Eqs. (15) and (16) into
Eq. (4), we find that for |θ| < θc, the shifts are given by
δye =
2 tan θ(k2h − k2e + k2S tan2 β)kS tanβ
(k2h + k
2
e + k
2
S tan
2 β)2 − 4k2ek2h
, (17)
and
δyh =
tan θ
kh
· (ke + kh)kS tanβ
(ke + kh)2 + k2S tan
2 β
; (18)
whereas for |θ| > θc (including the case with ε > EF ),
the Andreev reflection is not allowed, and
δye =
2 tan θ
|kh| ·
|kh|kS tanβ − (k2e + |kh|2)
k2e + (kS tanβ − |kh|)2
. (19)
We plot the typical behavior of the shifts in Fig. 3.
From the results, we observe the following features. First,
the shifts are odd functions of the incident angle θ, as
it should be, due to the mirror symmetry of the sys-
tem (mirror plane perpendicular to y). Consequently,
the shifts should vanish for normal incidence (θ = 0).
Second, the shift in Andreev reflection is always in the
forward direction for this model, i.e., for θ > 0, we have
δyh > 0 according to Eq. (18). This shift can be large
when |θ| . θc. Third, interestingly, the shift in normal
reflection can be either positive or negative. Particularly,
its magnitude is very large in the angular range |θ| > θc
where only normal reflection is allowed, and pronounced
backward shift is observed when the excitation energy is
close to the superconducting gap (ε . ∆0) [see Fig. 3(c)].
Finally, there is a discontinuity in δye at the critical an-
gle θ = θc, above which δye is divergingly large. This
is reminiscent of the diverging GH shift near the total
reflection angle [10]. Physically, this is because across
the critical angle, the original propagating mode for the
hole becomes evanescent, which strongly affects the phase
shifts also in the normal reflection channel.
To better understand the pronounced backward shift in
normal reflection discussed above (the third feature), we
note that for |θ| > θc, re = X ′∗/X ′, with X ′ = ke cosβ+
i(kS sinβ − |kh| cosβ). The key observation is that the
amplitude kh now turns imaginary, and contributes to the
imaginary part of X ′. Hence, the phase shift in normal
reflection becomes
arg(re) = −2 arctan
(
kS sinβ − |kh| cosβ
ke cosβ
)
. (20)
When ε . ∆0, β is close to zero, so arg(re) ≈
2 arctan(|kh|/ke), from which one directly finds that
δye ≈ −2 tan θ|kh| , (21)
clearly showing that the shift is in the backward direction
and it diverges when θ approaches θc from above since
|kh| approaches zero. It is interesting to see that for
|θ| > θc, although Andreev reflection itself is prohibited,
the amplitude kh for the hole (evanescent) mode turns
out to strongly affect the shift in normal reflection, as
reflected in Eq. (21).
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FIG. 4. (a,b) Schematic figure showing (a) the BdG disper-
sion and (b) the equi-energy contours in the N region for the
graphene/superconductor model. In (a), there appears a gap
in the spectrum, because it is plotted for a finite ky. In (a,b),
the green solid (red dashed) curve indicates the electron (hole)
band, and we plot the case with ε < EF . (c,d) Probabilities
for the normal reflection (blue curve) and the Andreev reflec-
tion (red curve) as functions of (c) the incident angle θ, and
(d) the excitation energy ε. Here, we set U0 = 500 meV,
∆0 = 5 meV, EF = 20 meV, vF = 1 × 106 m/s. We take
ε = 4.9 meV in (c), and θ = pi/10 in (d).
IV. MODEL II:
GRAPHENE/SUPERCONDUCTOR JUNCTION
In the second model, we consider an NS junction based
on graphene [26]. Let us first recall some basic facts
about graphene. It is a single sheet of carbon atoms, fea-
turing Dirac-cone like dispersion in its low-energy band
structure [27]. There are two Dirac cones (valleys) lo-
cated at the two corner points ±K of the hexagonal Bril-
louin zone, which are connected by the time reversal sym-
metry. The low-energy Hamiltonian for graphene takes
the form of [27]
Hτ0 (k) = vF (τkxσx + kyσy), (22)
where τ = ± denotes the two valleys, vF is the Fermi ve-
locity, the wave-vector is measured from the valley center,
and σ’s are the Pauli matrices acting on A/B sublattice
degree of freedom.
In modeling the junction, we assume that the S re-
gion is also described by the Hamiltonian (22) but with
a nonzero pair potential (and a potential energy offset).
Physically, this may be realized by covering the graphene
in the S region with a superconducting electrode, which
induces a finite ∆ by proximity effect. The potential
energy offset U may be adjusted by gate voltage or by
doping. This model has been used by Beenakker [28]
in discussing the special specular Andreev reflection in
graphene.
Now we substitute H0 in Eq. (22) into the BdG equa-
tion in Eq. (1). We notice that T Hτ0 (k)T −1 = H−τ0 (−k),
indicating that an incident electron in one valley is cou-
pled to the hole in the other valley through the supercon-
ducting pair potential in the S region. Neglecting the in-
tervalley scattering (due to the large separation between
the two valleys in k-space), we can write the BdG equa-
tion into two decoupled sets [28], and the wavefunction ψ
in the equation then takes a four-component form. For
the case with electron components in the K valley, we
have ψ = (uA+, uB+, vA−, vB−)T , where the subscript
A/B stands for the two sublattices and ± denotes the
two valleys.
The BdG spectrum and the equi-energy contours of
the N region (for a single valley) are schematically shown
in Fig. 4(a) and 4(b). Due to the Dirac-cone spectrum
of graphene, there always exist propagating hole states
for Andreev reflection at all energies. And similar to
the 2DEG/superconductor model, here we also have a
critical angle θc for Andreev reflection. From Fig. 4(b),
one easily finds that
θc = arcsin(−/+), (23)
where ± = EF ± ε has the same definition as in the
previous section, and EF here is measured from the Dirac
point. For incident angle |θ| > θc, the Andreev reflection
is prohibited.
Consider an incident electron from the K valley (the
analysis and result below also apply for the case of K ′
valley). The basis states for the incident and the reflected
electrons in the N region are
ψe± =
1√
cos θ

e∓iθ/2
±e±iθ/2
0
0
 e±ikex+ikyy, (24)
and the basis state for the reflected hole is
ψh− =
1√
cos θh

0
0
e−iθh/2
eiθh/2
 eikhx+ikyy, (25)
where ke = (
2
+/v
2
F −k2y)1/2, θh = arcsin(vF ky/−), kh =
sgn(−)(2−/v
2
F − k2y)1/2 for |θ| < θc, and kh = −i(k2y −
2−/v
2
F )
1/2 for |θ| > θc. The normalization factors are
added to ensure that the propagating states in the N
region carry the same particle current.
The basis states for the S region are given by
ψS± =

e±iβ
±e±i(β+β′)
1
±e±iβ′
 e±ikSx−κx+ikyy, (26)
where kS = [(EF + U0)
2/v2F − k2y]1/2, κ =
(EF + U0)∆0 sinβ/(v
2
F kS), β
′ = arctan(ky/kS), β =
6arccos(ε/∆0) for ε < ∆0, and β = −i cosh−1(ε/∆0) for
ε > ∆0. Here, again, the condition (EF +U0) ∆0, ε is
assumed.
The boundary condition here is given by the continuity
of the wavefunction at the interface:
ψ(x = 0+) = ψ(x = 0−), (27)
from which the scattering amplitudes can be solved.
Like for the previous model, we first consider the
regime when the N region is heavily doped, with EF 
U0,∆0, ε. In this case, we find that
re = 0, rh = e
−iβ , (28)
same as for the 2DEG/superconductor model. Since the
phase shifts are k-independent, the GH-like shifts vanish
in this regime.
In the following, we focus on the regime where the
N region is lightly doped, such that U0  EF ,∆0, ε. A
straightforward calculation yields the following results for
the reflection amplitudes:
re = −Y −1(sinβ sin θ+ − i cosβ sin θ−), (29)
rh = Y
−1√cos θ cos θh, (30)
where θ± = (θ ± θh)/2, and Y = cosβ cos θ+ +
i sinβ cos θ−. The probabilities for the two reflection pro-
cesses are plotted in Fig. 4(c) and 4(d). One observes
that close to normal incidence, the normal reflection is
suppressed, because the reflected state has a reversed
sublattice pseudospin. So the probability for Andreev
reflection is quite large in this case. As observed from
Fig. 4(d), the Andreev reflection also dominates when
ε . ∆0. In addition, one verifies that the results in
Eq. (29) and (30) satisfy the quasiparticle conservation
relation |re|2 + |rh|2 = 1, when ε < ∆0 and |θ| < θc.
The GH-like shifts are obtained by combining Eq. (29)
and (30) with Eq. (4). Here, again, we are most interested
in the case with ε < ∆0, for which the reflections are
dominating. In this case, for |θ| < θc, we find
δye =
vF tan θ tanβ(EF tan
2 β − ε)
2+ cos
2 θ tan2 β + (EF tan
2 β − ε)2 , (31)
and
δyh =
tan θ(cos θ + cos θh)
2kh(cotβ cos2 θ+ + tanβ sin
2 θ−)
. (32)
For |θ| > θc, Andreev reflection is not allowed, and
δye =
2
|kh| sin(2θ)Z
[
+− cos2 θ − 2+ sin2 θ sin2 β
+(− sinβ − vF |kh| cosβ)2
]
, (33)
where Z = +[− cos(2β)− + + vF |kh|].
In Fig. 5, we plot the results for these shifts. One ob-
serves that with reasonable parameter values, the mag-
nitudes of the shifts here are quite large, even up to hun-
dreds of nm. Several features are similar to that of the
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FIG. 5. GH-like shifts (a,c) in the normal reflection (δye),
and (b,d) in the Andreev reflection (δyh), as functions of the
incident angle for the graphene/superconductor model. (a,b)
are for the case with ε < EF (with EF = 3 meV and ε = 1
meV). (c,d) are for the case with ε > EF (with EF = 3 meV,
ε = 4.5 meV). (e,f) GH-like shifts versus the excitation energy
ε. The shaded region in each figure denotes the region of
|θ| > θc where the Andreev reflection is not allowed. In these
figures, we set U0 = 500 meV, ∆0 = 5 meV and vF = 1× 106
m/s. In (e,f), we take EF = 3 meV and θ = pi/30.
2DEG/superconductor model. For example, these shifts
are odd functions of the incident angle θ; the shift in nor-
mal reflection (δye) has discontinuity at θc, above which
its value is divergingly large.
There are also notable differences in the results be-
tween the two models. First of all, one observes that
the shift in Andreev reflection can also be negative for
the graphene model [see Fig. 5(d)]. This is actually con-
nected with the specular Andreev reflection. Because of
the gapless feature of the graphene band structure, the
reflected hole state can be either retro-reflection from the
conduction band (when ε < EF ) or specular reflection
from the valence band (when ε > EF ) [28]. This can be
understood by noticing that unlike the conduction band,
the group velocity for the valence band is opposite in di-
rection to the wave-vector. Interestingly, from Eq. (32),
one notes that δyh ∝ k−1h ∝ sgn(EF − ε). Hence, the
shift is positive for retro-reflection and negative for spec-
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FIG. 6. Schematic figures for the shifts in the two types of An-
dreev reflection in the graphene/superconductor model. (a) is
for the retro-reflection, and (b) is for the specular reflection.
Note that the shifts have opposite signs for the two cases.
ular reflection [see Fig. 5(f) and Fig. 6]. Second, the sign
of δye for normal reflection also depends on the relation
between the different energy scales. From Eq. (31), one
observes that for |θ| < θc, the sign of δye is determined
by the sign of the factor (EF tan
2 β−ε). Hence, for small
excitation energy, δye is positive, and it becomes nega-
tive when ε > EF tan
2 β [see Fig. 5(a,c)] [and δye = 0 at
ε = ∆0 because the factor tanβ = 0 in Eq. (31)]. We
also note that for |θ| > θc, δye is pronounced and may
have a sign change as a function of the incident angle.
V. DISCUSSION AND CONCLUSION
In this work, we have demonstrated that sizable GH-
like shifts could occur in both Andreev and normal reflec-
tions from an NS interface. In the discussion, we have fo-
cused on the sub-gap energy range with ε < ∆0. The dis-
cussion can be directly extended to the energy range with
ε > ∆0. There, the shifts would vanish when |θ| < θc be-
cause both amplitudes re/h would then be purely real.
However, the shift in normal reflection (δye) could be
nonzero when |θ| > θc, due to the presence of evanes-
cent mode for the hole reflection channel. Nevertheless,
in that energy range, the probability for the reflection
would be suppressed, because the quasiparticles are al-
lowed to be transmitted into the S region [see Figs. 2(d)
and 4(d)].
In the discussion, we have taken a 2D system setup
(as in Model I and Model II). This is because the GH-
like shift is within the scattering plane. It should be
clear that the effect itself is not limited to 2D systems.
The analysis here directly applies for scattering at 3D
NS junctions. For example, the treatment of a 3D Weyl-
semimetal/superconductor junction would be very sim-
ilar to the graphene/superconductor model considered
here [19], and a sizable GH-like shift would also be ex-
pected there.
The presence of the shifts have important physical con-
sequences. We show that the shifts could strongly modify
the dispersion of the confined modes in an SNS structure.
The structure is schematically illustrated in Fig. 7(a),
which is extended along the y direction. We assume that
the N region with width w in the middle is of a 2DEG,
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FIG. 7. (a) Schematic figure showing the trajectory for an
electron confined in the SNS structure. Here, we assume that
|θ| > θc such that the electron undergoes multiple normal
reflections at the two NS interfaces. Its propagation velocity
along the y direction is affected by the presence of the GH-like
shifts. (b) Numerical results for the spectrum of the confined
modes in the SNS junction. Here, we focus on the modes with
|θ| > θc, i.e., in that unshaded region in (b). (The shaded
region in (b) is for the modes with |θ| < θc.) (c) Group
velocities v‖ for the confined modes at energy ε = 3.7 meV
[marked by the dashed line in (b)]. In (c), the data points
are obtained from the numerical results in (b), the red solid
line is the estimation using Eq. (34), and the blue dashed line
is the estimation without the δye correction. Here, we set
U0 = 300 meV, EF = 10 meV, ∆0 = 5 meV, m = 0.05 me,
and w = 100 nm.
such that each NS interface here may be modeled as the
one in Sec. III. Assume that the two S regions have the
same pair potential without any phase difference. For en-
ergies below the superconducting gap ∆0, a quasiparticle
would be confined inside the N region. For example, con-
sider an electron moving towards the NS interface with
an incident angle θ, when θ > θc, the electron would
undergo repeated reflections between the two interfaces,
forming a confined waveguide mode. The key point is
that due to the presence of the GH-like shift in scatter-
ing, the electron trajectory is modified as in Fig. 7(a),
which affects the electron group velocity v‖ along the y
direction. The effective group velocity may be estimated
as
v‖ =
∆`
∆t
= vx
(
tan θ +
δye
w
)
, (34)
where ∆` = w tan θ + δye is the distance travelled along
y between two subsequent reflections and ∆t = w/vx is
the time taken, and vx is the group velocity along the
x direction. The second term in the bracket in Eq. (34)
8is the correction from the shift. This estimation can be
directly compared with the dispersion for the confined
modes solved from the BdG equation. In Fig. 7(b), we
plot the spectrum obtained by numerically solving the
corresponding BdG equation, where the confined electron
modes for θ > θc are those outside of the shaded region.
In Fig. 7(c) we compare the group velocities extracted
from the dispersion in Fig. 7(b) (the data points) and
estimated using Eq. (34) (the solid line). One observes
a very good agreement. We also show that an obvious
deviation would result, if the correction from the shift
was not included [see the dashed line in Fig. 7(c)].
SN
collector
x
y
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FIG. 8. Schematic figure of a possible setup for detecting
the GH-like shift at an NS interface. See the main text for a
detailed description.
Finally, we also suggest a possible setup to detect the
predicted shift in experiment. As schematically shown in
Fig. 8, we consider an NS junction where the N side can
be either the 2DEG or the graphene as discussed in this
work. A collimated electron beam is incident from the
N side onto the NS interface, and one tries to detect the
reflected beam with the collector on the other side (see
Fig. 8). In Fig. 8, we illustrate the case when the nor-
mal reflection dominates the scattering. The blue dashed
line indicates the trajectory if there was no shift. We can
impose a gated region (the gay colored one) such that
the usual (dashed) trajectory is blocked (for graphene,
this region may be an engineered hole in the sheet or an-
other proximity-induced superconducting region). But
with the anomalous shift, the beam can circumvent the
barrier region and follow the red path to be detected by
the collector. By controlling the incident angle, beam en-
ergy, and the geometry of the barrier region, one can then
probe the shift in experiment. To detect the shift in An-
dreev reflection, graphene may be a better choice, since
the reflection can be tuned to be either retro-reflection or
specular reflection, and one can design the corresponding
geometry of the barrier region for the detection.
In conclusion, we have demonstrated the existence
of sizable GH-like shifts in both Andreev and normal
reflections at an NS interface. We explicitly calcu-
lated the results for two concrete systems. For the
2DEG/superconductor model, we show that the shifts
become large when the N side is lightly doped. While the
shift in Andreev reflection stays positive (in the forward
direction), the shift in normal reflection can be either pos-
itive or negative, controllable by the quasiparticle exci-
tation energy. For the graphene/superconductor model,
we show that the shifts are more pronounced, and the
sign of the shift in Andreev reflection can also be con-
trolled, which is tied with the retro/specular reflection
character. We show that as a consequence, the disper-
sion for the waveguide confined modes in an SNS struc-
ture is modified by the shifts. We also suggest a possible
setup to probe the shifts in experiment. The discovered
effect adds a new dimension for controlling the quasipar-
ticle propagation in superconducting devices. Thus, our
result not only reveals a fundamental and intriguing ef-
fect, it also opens up a new avenue for exploring potential
technological applications based on NS junctions.
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